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We use the linear programming algorithm introduced by A. Mandilara et al. [Phys. Rev. A 92,
042322 (2015) ] to perform best separable approximation on two-qutrit random density matrices. We
combine the numerical results with theoretical methods in order to generate random representative
families of bound entangled (BE) states and analyze their properties. Our results are disclosing that
for the two-qutrit system the BE states have negligible volume and that these form tiny ‘islands’
sporadically distributed over the surface of the polytope of separable states. We devise a method for
estimating numerically the average thickness of these formations and their frequency of occurrence.
The BE states are found to be located under a layer of pseudo one-copy undistillable states with
the latter covering the vast majority of the surface of the separable polytope.
Best separable approximation (BSA) [1] provides a
convex decomposition of a given mixed quantum state,
unveiling its entanglement properties [2]. Recently, an
efficient algorithm has been devised [3] for numerically
achieving this decomposition and in this work we em-
ploy this algorithm in order to study the entanglement
characteristics of random ensembles of two-qutrit states.
The main focus of our studies is on the bound entan-
gled (BE) states [4], i.e., states which are entangled but
with positive partial transposed (PPT) counterpart [5, 6]
and in consequence undistillable [7–12]. Throughout the
years, many important results have come to shed light on
this intriguing class of states and by now many different
classes of BE states [4, 13–18] have been identified, the
robustness of the classes has been proven [19], tests for
their detection [20] have been proposed, their non-local
character [21], their steerability properties [22] and their
roles as activators [23] have been revealed.
The aim of this work is to add some more knowledge on
the BE class of states. Using BSA and some straightfor-
ward theoretical tools we first propose a method for creat-
ing random representative one-parametric families of BE.
The method permits us to generate such random fami-
lies for two-qutrit system and perform statistical analysis
on their characteristics. As expected, these families are
found to be deposed on the surface of separable polytope
and are parts of bigger ‘island’ formations. We estimate
the average thickness of these formations as well the their
frequency of appearance on the surface. We undertake a
similar procedure for generating families of pseudo one-
copy undistillable (POCU) states and we conclude that
these form a layer over the surface of separable polytope
that covers up the ‘islands’ of BE states. From our stud-
ies we can clearly conclude that the volume of BE states
is negligible for the two-qutrit systems and that PPT cri-
terion for entanglement detection is accurate in very high
degree.
The structure of the manuscript is the following. In
Secs. I-II we introduce our main means for theoretical
and numerical analysis; we revise BSA and we introduce
some useful related lemmas, we give details on the sam-
pling methods for density matrices and on the algorithm
that we use to perform BSA. In Sec. III we present sta-
tistical results for two qubits states. Even though the
results are as expected, they form a ground of compari-
son for higher dimensional systems. The main outcomes
concerning two-qutrit states are found in Sec. IV and
are summarized in Fig. 5. Finally, in Sec. V we discuss
questions emerging from the numerical results of current
work.
I. FAMILIES OF BE STATES EMERGING
FROM BSA
BSA was introduced in [1] and its uniqueness was
proven using the convex property of density matrices.
In [3] the representation was re-introduced underlying
its geometric aspects which in turn lead to an efficient
algorithm for its numerical realization. Here we follow
the notation and notions introduced in [3] – which are in
consistency with those in [1].
The following geometric interpretation of mixed states
helps in introducing BSA. Let us adopt the usual Bloch-
sphere representation and consider pure states as unit
vectors on its surface. For Hilbert space dimension
N > 2, physical states occupy only a sub-manifold of
the surface of the hyper-Bloch sphere [3] and any con-
vex combination of these, lies inside this sub-manifold
forming the convex hull body of mixed states. Separable
states are states which can be written as convex com-
binations of pure product states and thus the separa-
ble convex set of states forms a separable polytope in-
side the convex hull body. States with sufficiently small
length of Bloch vector are necessarily inside the [24–26]
and thus separable. The length of the Bloch vector of
a density matrix is related to its purity Trρ2 but in this
work, we find more convenient to work with the inverse
quantity: the participation ratio R = 1/Trρ2 [24] with
maximum value N and minimum value 1 for pure state.
Also, for our analysis we are in need of a measure of
distance between two density matrices ρˆ and ρˆ′ and for
this we employ the measure of Hilbert-Schmidt distance
2DHS (ρˆ− ρˆ′) =
√
tr
[
(ρˆ− ρˆ′)2
]
.
Given a density matrix ρ̂ describing a mixed multipar-
tite quantum state, BSA is a unique convex decompo-
sition over the separable polytope and set of entangled
states (= convex hull body /separable polytope):
ρ̂ = (1 −B)ρ̂sep +Bρ̂ent. (1)
In (1) ρ̂sep is, what we call in this work, the separable
component, ρ̂ent the essentially entangled part which can-
not have any separable states as components, B is a pos-
itive number in the range [0, 1] and Tr [ρ̂sep] = Tr [ρ̂ent] =
1.
BSA (1) is unique for a density matrix because among
all possible convex decompositions of a density matrix
over the convex hull body of entangled states and convex
polytope separable states, in (1) the positive number B
attains its minimum value. Since the decomposition is
a result of extremization, both ρ̂sep and ρ̂ent are states
on the boundaries of their representative sets. The es-
sentially entangled component is on the surface of the
convex hull body separating positive Hermitian matrices
from non-positive ones and therefore of reduced rank.
The rank theorem provides upper bounds on the rank
of the essentially entangled component. This has been
derived in [1] for the bipartite case and extended in [3]
for the general case: The maximum rank dEmax of an
essentially entangled component ρ̂ent for a system of di-
mension N comprised by K subsystems each of them of
dimension Nk, is N −
∑K
k=1Nk + K − 1. Respectively,
the separable component lies on the surface of the poly-
tope of separable density matrices, separating separable
from entangled states. Since both entangled and separa-
ble states are positive matrices the separable component
is not of reduced rank. As we show though in Sec. III,
when N = 4 or 6 the separable component under partial
transposition becomes a reduced rank density matrix, or
in other words this is mapped on the borders between
positive and non-positive Hermitian matrices.
Let us list here some straightforward statements about
the decomposition (1). For this purpose to apply the
operation of partial transposition to left and right-hand
sides of (1), obtaining the partial transposed version of
it:
ρ̂Γ = (1−B)ρ̂Γsep +Bρ̂Γent, (2)
where ρ̂Γsep necessarily a separable state and ρ̂
Γ
ent a Her-
mitian operator.
1. A state ρ̂ is separable iff B = 0 in (1).
2. A state ρ̂ is entangled iff B > 0 in (1).
3. A state ρ̂ is a PPT state iff ρ̂Γ ≥ 0 in (2).
4. A state ρ̂ is a NPT state iff ρ̂Γ  0 in (2).
5. A state ρ̂ is a BE state iff ρ̂Γ ≥ 0 in (2) and B > 0
in (1).
We proceed with four Lemmas which pave the way for
constructing families of BE states.
• Lemma 1. Given the BSA (1) for a density matrix
ρ̂ and with B 6= 0 then
(1−B′)ρ̂sep +B′ρ̂ent. (3)
with 1 ≥ B′ > 0 and B′ 6= B is the BSA for another
density matrix ρ̂′, the one equal to (3).
This Lemma, a simple consequence of convexity of
the sets involved, permits us to start with an en-
tangled state ρ̂ with known BSA (1) as generator,
and create an one-parametric family of entangled
state
f (ρ̂, B) = (1−B)ρ̂sep +Bρ̂ent, (4)
with the weight/parameter B taking values in the
range [0, 1].
• Lemma 2. An entangled state ρ̂ with ρ̂Γent ≥ 0 is a
BE state and f (ρ̂, B) an one-parametric family of
BE states. For symmetric bipartite systems with
ρ̂ent of rank one, ρ̂
Γ
ent  0 always holds.
The proof can be found in the the Appendix A.
There, we also conjecture that ρ̂Γent  0 holds true
for ρ̂ent of higher rank, implying that Lemma 2 is
not of help for generating families of BE states.
• Lemma 3. An NPT entangled state (1) with ρ̂Γsep
in (2) being of full rank, gives rise to a family of
BE states f (ρ̂, B → 0).
• Lemma 4. An NPT entangled state (1) with ρ̂Γsep
in (2) being of reduced rank , gives rise to a family
of BE states f (ρ̂, B → 0) if there is no eigenvector
|φ〉 in the null eigenvalues subspace of ρ̂Γsep such
that 〈φ| ρ̂Γent |φ〉  0.
The proofs of Lemmas 3 − 4 can be found in the
Appendix A.
From the Lemmas 2− 4 we may conclude that accord-
ing to the BSA three independent technical reasons exist
for BE states to appear in composite systems. Concern-
ing Lemma 2, one needs to search among PPT states in
order to identify states with ρ̂Γent > 0 and in this work
we have not encountered such examples within our nu-
merical search. This fact does not exclude the possibility
3that such BE states appear in higher dimensions since
here we only conjecture that ρ̂Γent  0 always holds. On
the other hand, in this work we do employ Lemmas 3
and 4 and we are able to identify ‘seed’ NPT states that
satisfy their requirements and in consequence can serve
as generators, ρ̂G, of one-parametric families of BE states
f (ρ̂G, B → 0). This is an efficient procedure, as we show
with our results in Sec. IV, which can be applied to com-
posite systems of higher dimensions. The families of BE
states created this way, and with the generators ρ̂G ran-
domly selected (as in this work), may be considered as
representative families.
II. ON THE ALGORITHM PERFORMING BSA
AND SAMPLING METHODS
In this work we mainly perform numerical analysis and
it is important to give some information on the algorithm
performing BSA and on the sampling methods for the
density matrices. Concerning the algorithm, we closely
follow the procedure prescribed in [3] achieving an accu-
racy ǫ = 10−3 on the estimation of the extremum weight
B in (1). This accuracy means that if a state is analyzed
by the algorithm more than one times, the deviation of
the results is of this order or less. In [3] is prescribed that
the number of random vectors sampling the convex space
should be of the order N4 where N the dimension of the
Hilbert space of the combined system. We have found
out that this number should be increased for an accuracy
consistent to ǫ and we are using an slightly augmented
number of sampling input vectors to the simplex routine:(√
2N
)4
. The BSA algorithm in addition to B provides
two density matrices components (1) and the accuracy in
their spectrum is critical for the results. By the analysis
on two-qubit system where the results are predictable,
we have concluded that eigenvalues < 5×10−4 should be
considered as zero and this also sets the accuracy on the
spectrum estimation. Finally, the algorithm is not fit for
analyzing density matrices which are of reduced rank or
else density matrices near the outer surface of the con-
vex hull body. For this reason from the random states
to be tested via BSA we exclude those with one or more
eigenvalues less than 10−4.
While for generating random pure states the generally
admitted Haar measure exists, sampling mixed states is
an intrigued subject with different options [27, 29] and
ongoing research. In this study we have employed two
independent methods for sampling our space since the
question on the dependence of the volume of BE states
on the measure is also a question of interest. Our first
choice is the flat measure (as we call it in this work)
which has been used in the very first studies on the vol-
ume of separable [24] and BE states [28]. More specifi-
cally, the eigenvalues and eigenvectors of a density matrix
are treated as two different sets; the first sampled uni-
formly from its geometric space (simplex) and the second
sampled using unitary projectors uniformly sampled over
the Haar Measure. The first step is straightforward using
the instructions in the Appendix of [24], for the second
step we have used random unitary matrices produced ac-
cording to the procedure [30] and relevant programs [32].
The second method that we use is the induced measure
[27] which has gained a lot of attention the last years.
This measure follows the more natural procedure of us-
ing ancillary systems and tracing out degrees of freedom
of pure random states of higher dimensions. The dimen-
sion of the ancillary system is critical and defines the
measure and metric of the produced random ensemble.
If the dimension is the same as for the system one obtains
a Hilbert-Schmidt ensemble, while if it is higher a Bures
ensemble. We have found out that each of these ensem-
bles is normally distributed around a certain degree of
participation ratio R, so in order to obtain an almost
uniform distribution over R we use different dimensions
for the ancillary system. In addition in order to create
states of high purity we have used the method suggested
in [27] that includes projection onto maximally entangled
states for the ancillary system (instead of tracing out).
For our programs we have used Ginibre matrices found
in the mathematica package [32]. As an example, in the
Fig. 1 the distributions of two-qubit density matrices over
the participation ratio are presented for sampling accord-
ing to flat measure and to (combined) induced measure
respectively.
As a matter of confirmation of the algorithmic and
sampling procedures we present in Fig. 2 numerical find-
ings concerning the volumes of separable, BE states and
NPT entangled states for three-qubit system, using sam-
pling over flat measure. This figure intends to reproduce
Fig. 7 in [28] with more accurate methods. While in this
work we are studying bipartite systems, Fig. 2 is a use-
ful reference exhibiting the fact (see Sec. IV) that the
volume of BE states is more important for multi-partite
mixed states than for bi-partite states of similar Hilbert
space dimensions.
III. BSA ON TWO-QUBIT STATES
According to Peres-Horodecki criterion [5, 6], a two-
qubit system cannot accommodate BE states. We think
thought that it is worth analyzing this case since the
results provide new information on the average BSA
properties for this system and in addition their accu-
racy serves as a reference point for higher dimensions.
We perform BSA on 600 randomly sampled NPT density
matrices, 300 according to flat measure and 300 accord-
ing to induced measure and in Fig. 3 we summarize the
outcomes.
The rank theorem [1] for two-qubit –as well as for the
qubit-qutrit system, dictates that ρ̂ent is necessarily of
rank one and therefore (1) attains a simpler form:
ρ̂ = (1−B)ρ̂sep +B |ψent〉 〈ψent| . (5)
According to our numerical results presented in Fig 3 (a),
42 qubits: flat measure
2 qubits: induced measure
(a)
(b)
FIG. 1: Random ensembles of density matrices for two-qubit
system distributed over participation ratio. Sampling accord-
ing to (a) flat measure and (b) induced measure using an-
cillary system of dimension K = 4, 8, 16, 40, 80 but also pro-
jection onto maximally entangled states (for four-partite and
six-partite systems [27]) in order to approach states of high
purity).
and as it is expected, the weight B in average drops with
the decrease of purity and there is no entangled states for
R > 3 as predicted in [24, 26]. In Fig 3(b) the concur-
rence [33] of |ψent〉 in (5) is plotted, and we can observe
that this is a maximally entangled state for the majority
(≈ 85%) of density matrices. In the Appendix B we show
how this latter fact is useful for enhancing the distillation
procedure of two-qubit NPT states.
Confirming Peres-Horodecki criterion we see in
Fig. 3 (c)-(d), that none of the conditions of Lemma
3 − 4, which could lead to families of bound states from
NPT states holds, i.e., ρΓsep is of reduced rank and the
overlap of the null eigenvector |φ0〉 of ρΓsep with the
ρΓent = |ψent〉 〈ψent| is always negative. Concerning accu-
racy, Fig 3 (b) helps us to conclude that an eigenvalue
< 5× 10−4 can be considered as zero. This estimation is
also confirmed by the estimation on the rank of ρ̂ent that
should be one. Finally, we should mention here that we
have not observed any differentiation on the results be-
tween flat and induced measure sampling, and in Fig. 3
FIG. 2: The probability for a separable/NPT/BE state to
occur in a random ensemble of mixed states of 3 qubits as
a function of the participation ratio. The graph is based on
statistics on 5000 states sampled according to flat measure
and analyzed with BSA. The bound states consist approx-
imately the 2% of the total volume. For induced measure
the obtained probability curves do not differ from the ones
presented here.
we present jointly the results for both random sets.
IV. BSA ON TWO-QUTRIT STATES
Initial numerical studies aiming to produce a figure
analogous to Fig. 2 have revealed the fact that in the
two-qutrit case the volume of BE states is negligible, with
a frequency of occurrence less 0.1%. More precisely, we
have tested 5000 random states (among which 547 PPT)
produced according to flat measure and we identified only
3 BE states. In the case of induced measure, among 5000
random states tested, no BE state was identified. This
reveals that the volume of BE states is much less than
the volume of BE states in the three-qutrit system (see
Fig. 2), a system with similar Hilbert space dimensions
and thus we confirm the known fact [25]: the tensor prod-
uct structure of the Hilbert space does matter for bound
entanglement.
We proceed by producing and analyzing via BSA 600
random NPT states –300 for flat and induced measure,
respectively. We present the overview of the results
graphically in Fig. 4. The weight B naturally decreases
in average with participation ratio and becomes zero for
R > 7 (Fig. 4 (a)). This value designates a limit on
Bloch radius under which entangled states cannot exist.
In Fig. 4 (b) the distribution on rank of the essentially
entangled component, ρ̂ent of the random states is pre-
sented and as predicted by the rank theorem this does
not exceed the value 4. In Figs. 4 (c)-(d), we are able
to identify NPT states which fulfill the criteria of Lem-
mas 3-4 and thus we can adopt them as generators ρ̂G of
5(a)
(c)
(b)
(d)
FIG. 3: BSA on two-qubit NPT random states, Eq.(5). (a) The weight B over participation ratio, (b) the concurrence of
ρ̂ent = |ψent〉 〈ψent|, (c) The minimum eigenvalue of the partial transposed separable component, ρ̂
Γ
sep, (d) the overlap of the 0
eigenvalue eigenvector |φ0〉 of ρ̂
Γ
sep, with the ρ̂
Γ
ent.
BE families: f (ρ̂G, B → 0). In numbers, we have iden-
tified 18 and 11 generators for flat and induced measure
produced states respectively, fulfilling the conditions of
Lemma 3. From the 18 generators (for flat measure), 2
additionally satisfy the criteria of Lemma 4. We have
also identified 3 and 2 generators for flat and induced
measure produced states respectively, fulfilling solely the
conditions of Lemma 4. We may conclude that approxi-
mately ≈ 5% of NPT random states are NPT generators
of BE families for two-qutrit system and in consequence
that the surface of separable polytope is covered by BE
states at this rate. The identified NPT states do not
seem to exhibit unified characteristics in terms of rank of
ρ̂ent or of degree of participation ratio, but we may state
that in overall BE generator states occur less frequently
in induced than for flat measure sampling. We schemat-
ically place the generators ρ̂G in the geometric space in
Fig. 5.
In next step, we use the NPT generators to esti-
mate the average ‘thickness’ of the produced BE families
f (ρ̂G, B → 0). For this, we partially transpose f (ρ̂G, B),
and then we numerically estimate the critical weight BC
such as
(1−BC)ρ̂Γsep +BC ρ̂Γent = 0. (6)
This critical weight defines a state ρ̂C
ρ̂C = (1−BC)ρ̂sep +BC ρ̂ent, (7)
on the boundary of the BE family with NPT states. Then
simply δ = DHS (ρ̂C − ρ̂sep) gives an estimation for the
thickness of the family (see Fig. 5). Our numerical results
give the following estimations on BC and δ:
BC = 0.006± 0.004
δ = 0.004± 0.002. (8)
The identified BE families f are not isolated and these
are part of bigger formations of BE states, which we call
islands since are deposed on the surface of the separable
polytope, see Fig. 5. This statement is justified by the
work [19] but it also obvious from BSA that small devi-
ations on ρ̂ will give rise to BE states as well – since the
decomposition is convex as well as the sets involved.
A. Generating families of POCU states
We proceed with a closely related matter to BE states,
the undistillability and we examine whether one can con-
struct random families of POCU states in a similar fash-
ion as for BE states. The answer is positive and the
numerical analysis gives evidence that in their vast ma-
jority (99% of cases) NPT states generate one-parametric
6(a) (b)
(c) (d)
FIG. 4: BSA on two-qutrit NPT random states. The generators ρ̂G of BE families according to Lemma 3 are marked as
green squares, and according to Lemma 4 as orange triangles. (a) The weight B over participation ratio, (b) the rank of ρ̂ent,
(c) the minimum eigenvalue of the partial transposed separable component, ρ̂Γsep, (d) the overlap of the minimum eigenvalue
eigenvector |φ0〉 of ρ̂
Γ
sep, with the ρ̂
Γ
ent.
families of POCU states as f (ρ̂, B → 0). BE states are
undistillable for any number of copies and our numerical
analysis shows the expected phenomenon: BE families
are subsets of POCU families. We depict the situation in
Fig. 5 in a schematic way.
To estimate the average thickness σ of the ‘layer’ of
POCU states we follow similar steps as for the BE states:
we start with BSA of the randomly selected NPT state ρ̂
(1) and we decrease B in (4) till we identify numerically
the critical weight Bc such that ρ̂c
ρ̂c = (1−Bc)ρ̂sep +Bcρ̂ent, (9)
is a POCU state. The states f (ρ̂, B), with 0 < B < Bc
concise a family of POCU states. The estimations that
we obtain for BC and σ = DHS (ρ̂c − ρ̂sep)
Bc = 0.006± 0.006 (10)
σ = 0.005± 0.005 . (11)
are similar to the ones (8) for BE states. The main con-
clusion of this analysis is that (one-copy) undistillability
and bound entanglement both are correlated with a very
small weight B in the BSA of the state.
Few words about the algorithm that we employ to
check numerically the one-copy undistillibality of states.
This relies on the Lemma 2 of [34] and accordinig to
it, it is sufficient to check whether projections ρ̂2⊗3 =
PA⊗1Bρ̂P †A⊗1B on the density matrix result to ρ̂Γ2⊗3  0.
If the latter holds true we conclude that the state is dis-
tillable while if all random (50.000) projections that we
try out give ρ̂Γ2⊗3 > 0 we characterize the state as POCU
state. To parametrize the component |a0〉 of the projec-
tor PA = |a0〉 〈a0|+ |a0〉 〈a0| with 〈a0| a1〉 = 0 we use the
convenient representation from [35] for a qutrit state in
terms of angles,
|a0〉 = sin (ξ/2) cos (θ/2) |1〉+ eiφ12sin (ξ/2) sin (θ/2) |2〉
+eiφ13cos (ξ/2) |3〉 (12)
which permits us to have also analytic expression for |a1〉.
The random search on the projectors is performed as ran-
dom search on the angles of |a0〉 (12) and on the free angle
parameters of |a1〉.
V. DISCUSSION
Summarizing the main findings in this work that have
been extracted by numerical experiments on two-qubit
7rank 2
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FIG. 5: A very schematic geometric representation of BSA, of the generators of BE families and of POCU families of states.
and two-qutrit mixed states. A first useful conclusion is
that BE states for two-qutrit systems are so rare, that
PPT criterion can be applied with confidence more than
99, 9%. A second apt result, is that we ‘locate’ the BE
states in the geometric Hilbert-Schmidt space and pro-
vide quantitative estimations on the dimensions of re-
gions where such states are supported. Finally we suggest
a method for generating random families of BE states
from BSA which is applicable to any other composite
mixed quantum system.
A straightforward extension of this work would be to
perform analysis onto higher-dimensional bipartite sys-
tems and investigate the rate of growth of the BE states’
volume. The linear programming algorithm [3] that we
employ scales as N12 where N the dimensional of the to-
tal Hilbert space, but dimensions up to N = 16 are still
tractable if high computational power is available. An-
other finding of this work deserving further investigation,
is that both BE and POCU states are correlated with a
weight B in BSA (1) of the same, very small, order of
magnitude. We think that it might be instructive to ig-
nore the character of a state under partial transposition,
and try to explain undistillability from a BSA perspec-
tive. Finally, this work with the example in the Appendix
B, gives evidence that BSA can provide useful knowledge
for the distillation process of a mixed state. We believe
that more results can be discovered along this line.
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Appendix A: Proofs of Lemmas 2− 4
Lemma 2
In view of (2) and of the fact that ρ̂Γsep ≥ 0, the first
statement in the Lemma is straightforward. For its sec-
ond part, let us consider bipartite symmetric systems of
total dimension N = NK ×NK and first the case where
ρ̂ent in (1) is of rank 1, or else ρ̂ent = |ψ〉 〈ψ|. Let the
Schmidt decomposition for |ψ〉 be
|ψ〉 =
NK∑
i
√
αi |bi〉 |ci〉 .
The essentially entangled component in the aforemen-
tioned basis is
ρ̂ent =
NK∑
ij
√
αiαj |bi〉 〈bj| ⊗ |ci〉 〈cj | . (A1)
and after partial transposition on the second system, the
becomes
ρ̂Γent =
NK∑
ij
√
αiαj |bi〉 〈bj| ⊗ |cj〉 〈ci| . (A2)
One can check that any vector 1√
2
(|bk〉 |cl〉 − |bl〉 |ck〉)
with k 6= l is an eigenvector with negative eigenvalue
8−√αkαl and these all orthogonal to each other. There-
fore the minimum dimension of the negative subspace of
ρ̂Γent is
NK !
(NK−2)!2! .
Now let us consider a higher rank M < dEmax (see
rank theorem in Sec. I) for ρ̂ent =
∑M
m=1 λm |ψm〉 〈ψm|.
Every eigenvector |ψm〉 of ρ̂ent after partial transposition
transforms into a negative operator Vˆm negative subspace
of dimension NK !(NK−2)!2! . However this does not necessarily
imply that ρ̂Γent
∑M
m=1 λmVˆm is negative; in the general
case the probability that the different negative subspaces
have some overlap (and in consequence ρ̂Γent  0) is ob-
viously very small especially as N is increasing. On the
other hand what we have observed in the two-qutrit sys-
tem (but also in previous studies [3]) that among the M
eigenvectors there is a principal one |ψp〉 with λp > 0.5.
This can be understood from the fact that the essen-
tially entangled component is located towards the outer
surface of the convex body and of relatively high purity.
In Fig. 6 we exhibit the distribution of ρ̂ent and ρ̂sep over
the participation ratio for two-qutrit random states that
confirms this statement. We conjecture that the situation
remains similar for higher dimensions and in consequence
ρ̂Γent  0 in the general case.
FIG. 6: The distribution of ρ̂ent and ρ̂sep over participation
ratio. For this graph 600 random NPT states have been used,
the same as for Fig. 4.
Lemmas 3-4
Let us consider a NPT state ρ̂ with BSA (1) and also their
partially transposed counterparts ρ̂Γ and (2) respectively.
According to Lemma 1 the state ρ̂ generates a family of
states f(ρ̂, B) as in (4) and let us denote by f(ρ̂, B)Γ the
partially transposed counterpart of the family.
By the definition of NPT states, at least a vector |φ〉
exists such that 〈φ| ρ̂Γ |φ〉 < 0, or employing (2)
(1−B) 〈φ| ρ̂Γsep |φ〉+B 〈φ| ρ̂Γent |φ〉 < 0. (A3)
Since ρ̂Γsep ≥ 0 and ρ̂Γent  0, it is convenient to introduce
here parameters ǫ ≥ 0, γ > 0 and re-express (A3) as
(1−B)ǫ −Bγ < 0 (A4)
where
〈φ| ρ̂Γsep |φ〉 = ǫ (A5)
〈φ| ρ̂Γent |φ〉 = −γ. (A6)
Taking cases on the rank of ρ̂Γsep.
• If ρ̂Γsep has full rank, then this implies that is a
strictly positive opearator and then for any vector
|φ〉, ǫ > 0. In consequence there is a positive pa-
rameter B∗ = ǫǫ+γ (derived by (A4)) such that if
B < B∗, 〈φ| ρ̂Γ |φ〉 > 0. It is easy to check that un-
der these conditions 〈φ| f(ρ̂, B < B∗)Γ |φ〉 > 0 and
therefore searching among all |φ〉 one can identify
a global minimum (positive) value for B∗ that we
denote as BC . This implies that a family of BE
states exists for B < BC .
• If ρ̂Γsep has at least one 0 eigenvalue but the
corresponding to this eigenvalue, eigenvector |φ0〉
gives 〈φ0| ρ̂Γent |φ0〉 > 0. For this vector obviously
〈φ0| f(ρ̂, B → 0)Γ |φ0〉 > 0. For any other vec-
tor ǫ > 0 holds and there is a critical B∗ that
〈φ| f(ρ̂, B < B∗)Γ |φ〉 > 0. Similarly to previous
case, one can identify a global minimum (positive)
value for B∗ and identify a family of BE states.
Appendix B: Using BSA to skip the local filtering
protocol for two-qubit states
All entangled two-qubit states are distillable [8], mean-
ing that if a sufficient number of copies of the state
are provided and local operations and classical com-
munication are allowed, then at least an EPR pair,
|ψEPR〉 = 1/
√
2 (|00〉+ |11〉) can be produced. If the
fidelity F of the state ρˆ with the EPR pair, FEPR (ρˆ) =
Tr [ρˆ |ψEPR〉 〈ψEPR|], is greater than 1/2, distillation
can be achieved via the recurrence protocol [36], fol-
lowed up by the hashing protocol [36]. In the habit-
ual case, where FEPR < 1/2 the additional initial step
of local filtering should be taken [8] in order to achieve
a density matrix [37, 38] with FEPR− > 1/2, where
|ψEPR−〉 = 1/
√
2 (|01〉 − |10〉). Then simple local uni-
tary operations are applied to convert the locally filtered
state to a state with FEPR > 1/2. In what follows we
show how the knowledge about the BSA of a mixed state
with FEPR < 1/2 may help to skip the local filtering
step.
As we have observed in Fig 3 (b), the essentially en-
tangled component |ψent〉 in (5) is a maximally entangled
state for the majority (≈ 85%) of tested density matrices.
For the states ρ̂ where the latter holds true, i.e. the con-
currence of |ψent〉 is greater than 0.99, we calculated the
fidelity Fent of the random density matrices with |ψent〉,
and we plot it versus FEPR in Fig 7. One can observe
that in many cases (for the states on the upper-left quar-
tile), Fent > 1/2 while FEPR < 1/2. According to our
statistics on 600 random states, no knowledge of BSA re-
quires the application of local-filtering protocol in ≈ 98%
of cases, while a knowledge of the BSA states requires
the application of local-filtering protocol only in ≈ 50%
of cases. For the rest of 50% it is sufficient to apply local
unitary operations converting |ψent〉 to |ψEPR〉.
9FIG. 7: Two-qubit NPT random states: the fi-
delity Fent (ρˆ) = Tr [ρˆ |ψent〉 〈ψent|] versus FEPR =
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